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Foreword

This is a translation of "Autour du theoreme de Mordell-Well", a course
given by J.-P. Serre at the College de France in 1980 and 1981.
These notes were originally written weekly by Michel Waldschmidt and have
been reproduced by Publications Mathematiques de l'Universite de Paris VI,
by photocopying the handwritten manuscript.
The present translation follows roughly the French text, with many modifications and rearrangements. We have not tried to give a detailed account
of the new results due to Faltings, Raynaud, Gross-Zagier ... ; we have just
mentioned them in notes at the appropriate places, and given bibliographical
references.
Paris, Fall 1988

M.L.Brown
I.-P. Serre
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1
1. SUMMARY

The aim of this course is the study of rational and integral points on
algebraic varieties, especially on curves or abelian varieties. Before the
end of the last century only special cases had been considered. The first
general results are found, around 1890, in the work of Hurwitz and Hilbert
[HH] where they introduced the, nowadays natural, viewpoint of algebraic
geometry: if X and XI are two birationally equivalent algebraic curves
over Q in P 2 , their rational points correspond. Hence the importance of
birational invariants, in particular the genus. They studied especially the
case of genus zero:
Theorem. A curve of genus zero is isomorphic to a conic. If it has a
rational point over Q, then it is isomorphic to PI, and thus has an infinite
number of rational points over Q.
The principle of the proof is the following. As the genus is zero, the
canonical divisor has degree -2. Changing the sign, one obtains a divisor of
degree 2. The correspondence between divisors and morphisms to projective
space provides a morphism X -+ P 2 whose image is of degree 2, hence is a
comc.
Around 1901, Poincare [P] took up this question again, apparently unaware of the work of Hurwitz and Hilbert. He gave another treatment of the
case 9 = o. When 9 = 1 (elliptic case), he made use of the affine structure
of the set of rational points. His paper is not very clear. Still, one can credit
him with descent arguments (3-descents, while his successors used mostly
2-descents), and with the following conjecture (proved by Mordell [M] in
1922):
Theorem. The group of rational points on an elliptic curve is finitely generated.
In the same paper Mordell stated his famous conjecture [now proved
by Faltings]:
Mordell's Conjecture. A curve of genus
tional points.

~

2 has only finitely many ra-

In his thesis (1928), Weil [WI] considered a curve of genus 9 ~ 1 over a
number field K, with jacobian J. Weil's theorem concerns the group J(K)
of points of J rational over K:
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Theorem. (Mordell-Weil.) The group J(K) is finitely generated.
One of the main themes of this course is the proof of this theorem (with
J replaced by an arbitrary abelian variety).
Here is a brief sketch of the contents of each section:
1.1. Heights.

For simplicity, let us assume that K is Q. Let P n be projective n-space
and P E Pn(Q) a rational point of P n . We may write P uniquely (up to
sign) as

P=(Xo, ... ,Xn),
where Xo, ... , Xn are rational integers with no common factor. Define the
height of P to be
H(P) = sup IXil.
The number of points of P n (Q) of height ::; N is asymptotically
2n

(n+1)

N n +1

.

The logarithmic height of P is h(P) = log H(P) (which is approximately the number of digits required to write the coordinates of P). If
4> : X -+ P n is a morphism, we define on X(Q): H<p(x) = H(4)(x)) ,
h<p(x) = h(4)(x)). If X is a projective variety, one associates to 4>: X -+ P n
the divisor class c<p E Pic(X) of the inverse image of a hyperplane section
of P n. Then h<p depends only on c<p up to 0(1) (where 0(1) denotes a
bounded function). Let c E Pic(X)j there are two morphisms 4> and .,p such
that c = c<p - c,p. We put he = h<p - h"" , which is defined up to 0(1). Then
there are properties ofthe type he+el = he+hel +0(1). If moreover X is an
abelian variety, there is the Neron normalisation of the height he: to every
c E Pic(X) is associated a well-defined function he. For simplicity, suppose
that c is symmetric, that is to say [-l]c = c, where [-1] is the morphism
x 1-+ -x on X. The Neron function is characterised by
-

he(nx)

= n 2-he(x),

for

x E X(Q)

and

n E Z.

(In fact, this holds over X(Q).) This function he is a quadratic form. There
is also a decomposition of he into local components.
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1.2. The Mordell-Weil theorem and Mordell's conjecture.
The proof of the Mordell-Weil theorem divides into two steps.
The weak Mordell- Weil Theorem. Let A be an abelian variety defined
over Q, r = A( Q) the group of rational points on A, and n an integer ~ l.
Then r /nr is a finite group.
The proof goes as follows. Suppose that Y -+ X is a finite etale covering
of a projective variety X, where Y and X are defined over Q. Let m be
the degree of the covering. For each x E X(Q) we choose a lifting y E Y.
Let Ky be the field of rationality of y. Evidently, [Ky : Q] ~ m. Further,
one can show (Chevalley-Weil [CW]) that Ky is unramified outside a finite
set of prime numbers PI, ... , Ph, (depending only on X, Y and the covering
map). But, by a theorem of Hermite, there are up to isomorphism only
finitely many number fields of given discriminant and given degree. Thus
the fields Ky are finite in number, and there is a number field K for which
all rational points of X can be lifted to points of Y (K) (that is to say, the
image of Y (K) contains X (Q». One applies this to Y = X = A and to the
morphism A -+ A of multiplication by n. The finiteness of r / nr follows
easily.
The second part of the proof of the Mordell-Wei! theorem is a descent
argument using heights. Select an integer n ~ 2. Let Xi be representatives
of the classes of r modulo nr. One shows that there is an integer r such
that the points of r satisfying h( x) ~ r generate r: choosing r large, if
hex) > r one has that x = ny+xi with y E rand hey) < h(x)/2 ; the proof
then proceeds by induction.
As for Mordell's conjecture, it has been the subject of work of (a)
Chabauty [Ch], (b) Demjanenko [D], and Manin [Mal], (c) Mumford [Mull.
[and (d) Faltings [F]].
(a) Let X be an algebraic curve of genus ~ I and J its jacobian. Suppose
that the genus of X is strictly larger than the rank of J(Q). Then X(Q) is
finite (Chabauty [Ch]).
(b) Let Xo EX. Let A be an abelian variety over Q. Suppose that
rank Hom(X, A)

> rank A(Q),

where Hom(X, A) denotes the group of morphisms from X to A which send
Xo to the neutral element of A. Then Demjanenko and Manin showed that
X(Q) is finite. This result has applications to modular curves.
(c) Let X be a curve of genus ~ 2 over Q. Suppose that it has an infinite
number of rational points PI. P2 , ••• ordered by increasing height. Then
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11UIDfordproved,

[( d) Finally, Faltings proved 11ordell's conjecture: if X is a curve of genus
2:: 2 over Q, then X(Q) is finite.]
1.3. Integral points on algebraic curves. Siegel's theorem.
Let X be an affine curve over Q. and X its projective completion. The
algebra A of regular functions on X is of finite type over Qj let Xl, .•• ,Xn E
A be a set of generators. A subset S of X(Q) is quasi-integral if there is
.x =1= 0 such that Xi(S) E (1/.x)Z(1 ::; i ::; n) ; in other words, the Xi(S) have
bounded denominators. One checks that this condition is independent of
the choice of generators.
Theorem (Siegel [SiD. If 9 2:: 1, or if 9 = 0 and X - X has at least 3
elements, then all quasi-integral subsets are finite.
The hypotheses of this theorem are necessary: if 9 = 0, the case of just
one point at infinity corresponds to the affine line Ai (which has an infinite
number of Z-integral points), and the case where there are two points at
infinity corresponds to the Pell-Fermat equation X2 - Dy2 = 1.
Siegel's proof uses on the one hand, the weak 11ordell-Weil theorem,
and on the other hand a theorem on Diophantine approximation (ThueSiegel-Roth theorem).
The idea consists of approximating the slope of an asymptote by rational numbers. For example, if the curve X 3 - 3y3 = const. had an infinite
number of integral points, one would immediately obtain better approximations of 31 / 3 than are permitted by Roth's theorem. In the general case,
one uses a theorem of bad approximation on abelian varieties:
Theorem. Let A be an abelian variety defined over Q , and let Xl, X2, •..
be a sequence of distinct points of A(Q) converging to a point X E A(Q).
Then
lim log l/d(x, xn) = o.

n-+oo

h(xn)

The proof uses Roth's theorem combined with the 11ordell-Weil thearem.
The application to curves can be made in the following way:
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Theorem. Let X be a curve of genus ~ 1 over Q, f a non-constant rational
function on X, and Xl, X2, ••• an infinite number of distinct rational points.
Put f(Xi) = ai/bi , i = 1,2 ... , where, for i ~ 1 , ai and bi are coprime
integers. Then,
as

i-+oo

For the proof, one embeds X in its jacobian and applies the theorem
above.
1.4. Baker's Method.

For this method, the fundamental case is 9 = 0 with 3 points at infinity.
The affine algebra of PI - {O, 1,00} is generated by 4 elements X, y, z, t with
the relations
xy = 1, zt = 1, X + z = 1.
Therefore, associated to an integral point over K is a pair of units x, z of K
with X + z = 1. More generally, the search for quasi-integral points reduces
to the determination of pairs (x, z) of units of K satisfying some equation

Ax+Bz=C.
Expressing x, z in terms of a base of the group of units, one then uses
Baker's theorem on lower bounds for linear forms in logarithms and obtains
a finiteness result.
Other cases can be reduced to this by means of coverings; for example
curves of genus 1 or curves of genus 2 with a pair of points invariant by
the involution removed. Moreover the proof is effective (whereas Siegel's is
not).
1.5. Hilbert's Irreducibility Theorem. Sieves.
Let C be an irreducible algebraic curve over Q, and let C -+ PI be a
morphism of degree n ~ 2. Then "few" rational points of P I lift to rational
points of C, and indeed, "most" points give extensions of degree n.
Equivalently, if X is the variable of PI and F(T, X) = 0 is the equation
of C, of degree n in T and irreducible over Q(X), there are "many" X E Q
for which F(T, x) is irreducible over Q.
The rational points of PI with H(P) ~ N which lift to rational points
on C may be counted. Out of a total number rv cN2 rational points of
height ~ N, the number of those which lift is

